Abstract: This note presents a method for predicting nonlinear response of pile groups in clays, subjected to vertical loads. The method is based on mobilizable strength design ͑MSD͒ concepts, in which the mobilized strength is associated with the shear strains developed in the soil. The suggested procedure is incremental, and requires evaluation of a displacement field. A simple procedure of superposition of pattern functions is suggested for the construction of a complete displacement field. The incremental procedure allows for the variation of the displacement field throughout the loading process, according to principles of minimum energy and compatibility requirements among the piles. Essentially, the procedure allows consideration of a nonlinear continuum between the piles. The pattern functions are an adaptive form of the logarithmic function suggested by Randolph and Wroth in 1979. Under small load levels, when the soil is essentially elastic, the procedure yields values comparable to those from the elastic solution of Randolph and Wroth. At larger strain levels, nonlinear pile group response is simulated based on the soil constitutive models specified by the practitioner. The method is applicable to cases where shaft loading does not induce volume changes in the soil. The method is compared with three dimensional finite difference simulation of undrained loading of pile groups with a nonlinear soil constitutive model. Fair agreement is observed.
Introduction
Pile group analysis methods have been studied extensively over the past few decades. Simple approaches of superposition ͑Poulos 1968͒ and load transfer functions ͑Randolph and Wroth 1979͒ were successfully developed throughout the years for linear elastic soil. These methods, however, may not be suitable when soil nonlinearity affects the interaction. To cope with soil nonlinearity, different relaxing assumptions and approaches have been suggested.
One of the widely used approaches is based on the assumption that nonlinearity is associated solely with the soil adjacent to the pile ͑e.g., Poulos 1989; Basile 1999͒ . With this assumption, slip elements are used to limit the contact stresses between the soil and the pile shaft. A different common approach is to use nonlinear load transfer functions, usually scaled from a function describing single pile behavior ͑e.g., O'Neill et al. 1982 ; Lee and Xiao 2001; Randolph 2003b͒ .
The current approach differs from previous works as it does not confine soil nonlinearity to the vicinity of the pile, but considers a complete nonlinear continuum in the soil-pile interaction problem. Essentially, the suggested method utilizes mobilizable strength design ͑MSD͒ principles ͑e.g., Bolton and Powrie 1988; Osman and Bolton 2005͒ . As a variant of the MSD approach, the suggested method is named the extended MSD ͑EMSD; Klar and Osman 2008͒ . Unlike the original MSD, the EMSD approach entails a deformation field that changes throughout the loading process to minimize internal work. The EMSD method was successfully applied to shallow foundations ͑e.g., Klar and Osman 2008͒ and to laterally loaded piles ͑e.g. Klar and Randolph 2008͒. In the current work the method is extended to handle interaction between vertically loaded piles. In the method, the external load and pile group stiffness are obtained by equating the external work with the minimized internal work. The main advantage of the MSD approach lies on its suitability to incorporate general stress-strain curves obtained from shear tests ͑conducted on undisturbed samples͒, and therefore offering a flexible framework to adjust the model according to information obtained from site exploration. The method is not restricted to a single stress-strain relation for the soil, and different regions of the soil mass may be associated with different curves. For example, it is known that stress conditions in the vicinity of the pile can be changed due to the pile installation process, and this can affect the global behavior of the pile. The effect of installation may be incorporated into the analysis if the stress-strain curves used in the MSD are obtained from soil samples extracted after the installation of the pile. In this case, however, a series of tests, each of which related to a different distance from the pile, should be conducted, and associated with the different regions of the soil mass in the analysis. The current work focuses on groups of incompressible piles under a rigid pile cap which is not in direct contact with the soil.
Formulation
The assumption of Randolph and Wroth ͑1979͒, which decouples the shaft and base responses, is adopted. Therefore, the global pile group response is a combination of the shaft response and the base response
where P t = total load on the pile group; P s = pile shaft resistance; and P b = pile base resistance. In reality, the base and shaft responses may be somewhat coupled, but the assumption of Eq. ͑1͒ following Randolph and Wroth ͑1978, 1979͒ has been shown to be a reasonable approximation for single and pile group analysis. Moreover, it is common in Winkler spring or load transfer approaches to adopt the decoupling assumption. For example, Lee and Xiao ͑2001͒ demonstrated that this decoupling is acceptable even when the pile group behavior is nonlinear. As in Randolph and Wroth ͑1978͒, soil deformation around a single pile is represented by shearing of concentric cylinders, whereas the base response is obtained from a rigid punch solution.
An incremental procedure is required to obtain a complete nonlinear response of the pile group. At each stage of the procedure, an incremental displacement field is constructed by superposition of the shearing cylinders to obtain the shaft resistance, whereas the base resistance is assumed to be elastic-perfectly plastic. Evaluations of the shaft behavior and the base response are presented separately in the following subsections.
Formulation for the Shaft Response
A complete deformation field for a pile group may be obtained by superposition of displacement fields of individual shearing cylinders, as illustrated in Fig. 1 . Unlike the work of Randolph and Wroth ͑1978, 1979͒, the extent of the deformation field ͑shown as r m in Fig. 1͒ is not predefined according to some fixed value, but is allowed to change throughout the loading sequence satisfying the requirements of energy minimization.
At each stage of the procedure an incremental displacement field is constructed. For incompressible piles the soil displacement may be assumed to be constant along the pile down to the pile base level, and hence only a unit horizontal slice of soil needs to be considered for evaluating the soil strains associated with the shaft behavior.
The vertical soil displacement in the z direction ͑Fig. 1͒ can be represented using the following expression: 
where u ͑x , y͒ = increment of soil vertical displacement at coordinates ͑x , y͒; ␦ = incremental displacement of the rigid pile cap; N = total number of piles; r 0 = pile radius; ␣ i = coefficients ensuring compatibility among the piles, which will be explained in further details later; and f s = pattern function for the deformation of the shearing cylinder. f s involves two parameters: s xy i , which is the distance between coordinates ͑x , y͒ and the pile i, and r m i , which is the influence radius of the pile i. r m i represents the distance beyond which soil displacements, due to response of pile i, are negligible.
Based on Eq. ͑2͒, the incremental pile displacement may be written in a matrix form as
where ͕u p ͖ = vector representing the pile incremental displacements; ͓f s ͔ = matrix composed of values of f s ͓Eq. ͑2͔͒ for different distances, s i j , between piles i and j; and ͕␣͖ = vector of compatibility coefficients. For a pile group under a rigid cap, all the piles displace equally with u p i = ␦ . Hence, the coefficients ␣ i can be found from the inverse of the ͓f s ͔ matrix as follows 
For any given set of r m i , a continuous incompressible incremental displacement field may be obtained using Eqs. ͑2͒-͑4͒.
Using this continuous field, soil strain increments may be evaluated. For the current case, involving only vertical soil displacement, the strain increments are
where max = maximum of the absolute values of principal strain increments.
Drawing on the concepts of MSD method, the internal work increment in the soil may be calculated as
where c m ͑ s ͒ = mobilized strength, which equals 0.5͑ 1 − 3 ͒, and is a function of the engineering shear strain, s = 1 − 3 =2 max .
The relation between c m and s may be derived from shear tests on undisturbed samples from the field ͓i.e., c m ͑ s ͒ is the stressstrain curve͔. Although undisturbed samples can be extracted for sands, it involves expensive process and is not routinely performed. Consequently, the suggested approach is suitable for clayey soils for which undisturbed samples are routinely extracted for testing in the laboratory. Eq. ͑6͒ is based on the assumption that spherical stresses do not contribute to the internal work. This is correct only when the volumetric strains are zero. Volumetric strains are zero either when the loading is undrained or when the deformation mechanism resembles that of a simple shear, which is the case of concentric cylinders mechanism adopted from Randolph and Wroth ͑1978͒. Eq. ͑6͒ is therefore suitable for evaluation of energy in the considered mechanism.
Equating the external work increment with the minimized internal work increment results in
where P = total load acting on the pile cap.
The following incremental sequence may be adopted to obtain the shaft load-displacement solution for the pile group: ͑1͒ Apply an increment of displacement, ␦ , to the pile cap; ͑2͒ optimize r m i to result in minimum internal work; ͑3͒ equate external work increment to the minimized internal work increment ͓Eq. ͑7͔͒, ͑4͒ update the strain field and return to ͑1͒ for next increment.
For a general pile group configuration each pile may have a different zone of influence, r m i , throughout the loading process. To cope with the search ͓step ͑2͔͒ for the best r m i combination ͑with minimum energy͒ the method must involve an efficient optimization algorithm. In the current work the r m i search was conducted using the simple and robust differential evolution algorithm of . This is due to the trade-off between the reduced ͑in size͒ incremental strain field, and the increased ͑in value͒ incremental strains in the field.
It should also be noted that the pattern function f s can take different forms than that suggested in Eq. ͑2͒. The current form ensures that under initial loading, associated with linear elasticity for which r m i = r m RW , the procedure yields stiffness values equivalent to those by Randolph and Wroth ͑1979͒.
Formulation for the Base Response
The current work follows the assumption of Randolph and Wroth ͑1979͒ of decoupling shaft and base responses ͓e.g. Eq. ͑1͔͒. Consequently, the model of the base resistance does not affect the shaft model; other base response models, apart from the one presented here, may be used in conjunction with the suggested shaft model.
The base resistance model in the current work is based on the following four assumptions: ͑1͒ The base resistance is treated as a single entity ͑refers herein as global base resistance͒; ͑2͒ the global base resistance is elastic-perfectly plastic; ͑3͒ the elastic stiffness of the global base resistance includes interaction between the piles, based on the model of Randolph and Wroth ͑1979͒; and ͑4͒ the ultimate global base resistance value, P bu , is calculated as the sum of the individual base capacities of the piles ͑i.e., P bu = NP bs , where P bs is the base capacity of a single pile͒.
The above-mentioned assumption results in the following expression for the global base resistance, P b :
where G b and = elastic shear modulus and Poisson's ratio at the pile group base level, and coefficients f ij b = interaction factors from Randolph and Wroth ͑1979͒, and are based on the rigid punch solution.
The above model is a crude approximation of the true behavior where each pile may experience base failure under a different displacement. In addition, if the pile group fails under a blocktype mechanism the above-mentioned expression will underestimate the ultimate base resistance. However, the base resistance constitutes a minor portion of the global resistance of deep foundations in most cases. For example, when L / r 0 Ͼ 40 the base resistance is generally smaller than 20% of the global resistance for clay soil. Consequently, the presented model may be considered sufficient for the purpose of estimating the global response. More sophisticated formulations may be used to replace the presented simple model, in conjunction with the preceding shaft response model, which is the main contribution of the current work.
Example Problems
To demonstrate the effectiveness of the suggested approach, comparisons were made against nonlinear finite difference analyses ͑FLAC 3D ; Itasca 2005͒ and with an elastic solution ͑PIGLET; Randolph 2003a͒.
The considered problem consists of pile group loading in undrained conditions. Undrained conditions ͑which are associated with = 0.5͒ entail no volume changes, and are satisfied by the concentric shear mechanism, which is the basis of the shaft response formulation.
Three square pile groups, 2 ϫ 2, 3 ϫ 3, and 4 ϫ 4, with normalized spacing of s / r 0 = 5 and L / r 0 = 40 were considered ͑where s = center-to-center distance between piles͒. These pile groups exhibit significant pile-to-pile interaction, with maximum interaction at the initial ͑elastic͒ stage that results in group stiffness factors K group / NK s , of 40, 25, and 18% for 2 ϫ 2, 3 ϫ 3, and 4 ϫ 4 pile groups, respectively ͑K group = stiffness of the group calculated as the total load divided by the cap displacement and K s = stiffness of a single isolated pile͒.
A hyperbolic stress-strain relationship was used to represent the nonlinear behavior of the soil. The mobilized cohesion for the hyperbolic stress-strain relationship may be represented in a normalized form as follows:
where I r = rigidity factor defined as G / s u ; s u = ultimate undrained shear strength; and G = initial ͑small-strain͒ elastic shear modulus. The hyperbolic stress-strain behavior was simulated in FLAC 3D using the strain hardening soil model. In this model the mobilized cohesion is defined using an accumulated plastic shear strain, p , as follows:
where max p = maximum of the absolute values of principal plastic strain increments. It should be noted that only under plane strain conditions, in which 2 is zero, Eqs. ͑9͒ and ͑10͒ would produce identical values for the mobilized cohesions. Nonetheless, in three-dimensional strain state the values are very similar; e.g., in triaxial test conditions where 2 = 3 or 2 = 1 , Eq. ͑10͒ produces, in the worst case, mobilized cohesion 7% higher than that from Eq. ͑9͒.
A displacement-controlled simulation was performed in FLAC 3D to obtain the global load-displacement solution. To model a pile, a cavity corresponding to the pile diameter was introduced down to the pile base level. A uniform vertical velocity was assigned to the sides and base of this cavity, ensuring a rigid pile group deformation. The pile group resistance was obtained by summing up the reaction forces along the shaft and base. Roller boundaries were placed at horizontal distances of 180 times the pile radius away from the piles, and a fixed boundary was placed at a depth of 8 times the pile length. It was verified, by comparison with accurate elastic half-space solutions using boundary integral formulation, that these distances are sufficient to produce "half-space" results. Fig. 2 shows comparisons of normalized global loaddisplacement solutions of the EMSD, finite difference, and PIG-LET for the different pile groups. The pile group displacement, ␦, is normalized using the pile radius and the rigidity factor, I r = G / s u , whereas the pile group load, P group , is normalized by the theoretical value of an individual pile capacity of
where L = length of the pile and N c = bearing capacity factor, is taken as 9 in the current calculations. Note that this value corresponds to the capacity based on alpha method ͑i.e., total stress method; O'Neill 2001͒, with an ␣ value of 1.0. The suggested method may not be limited to this condition, as for smaller values of ␣ a relatively thin annular zone with an ultimate shear strength of ␣s u can be introduced into the domain. The energy method will implicitly consider this annular zone as an interface. As can be seen from Fig. 2 , all solutions agree well in the initial elastic stage. As the load increases the finite difference and EMSD exhibit nonlinearity, which causes the curves to diverge from the PIGLET "elastic" lines. Fair agreement is observed between the finite difference and the EMSD solution for the 2 ϫ 2 and 3 ϫ 3 pile groups, with a difference less than 7%. For these cases the EMSD ultimate capacity corresponded to the sum of individual pile capacities. The finite difference solutions overestimate these values, possibly due to the following two reasons: ͑1͒ the N c value used in the normalization is smaller than the value developed in the finite difference simulation and ͑2͒ FLAC 3D uses constant strain elements, and it can be shown using an energy calculation that the ultimate shaft resistance under loaddisplacement simulation will be overestimated by approximately 1+, where = ratio between the thickness of the element nearest to the pile shaft and the pile diameter. In the current simulations was 0.045.
The underestimation of the 4 ϫ 4 pile group stiffness by EMSD is attributed to different reasons. In the current EMSD formulation the shaft and base responses are decoupled. The EMSD method predicted a block-type failure mechanism for the 4 ϫ 4 group when shaft resistance alone is considered. However, the base response model does not capture a block-type failure mode. On the other hand, the FLAC 3D simulation considers both shaft and base responses holistically. The failure mode revealed by FLAC 3D is somewhat between a block mechanism and an individual pile failure mechanism, resulting in a more significant discrepancy when compared to the EMSD predictions. Fig. 3 illustrates the different failure modes, and the EMSD mechanism for the EMSD 4 ϫ 4 pile group.
The underestimation of capacity is an outcome of the decoupling of base and shaft resistance models. Nonetheless, as the EMSD will choose the smaller capacity between block failure and individual pile failure mechanisms for the shaft response, the decoupling process is always conservative in the current formulation, and hence the approach is safe for design purposes. As mentioned before, the current base response model is a crude approximation. It is quite possible that a better model, based on the presented EMSD concepts, may resolve the issues posed by the decoupling process used in the current work.
The above-presented examples are associated with homogenous soil. However, the formulation is not limited to that particular scenario. For the special case where the soil stiffness and strength increase linearly with depth ͑as I r remains constant with depth͒, the EMSD solution for the shaft resistance may be obtained using G and s u at middepth of the pile. In this case, r m RW = 2.5L͑1−͒ according to Randolph and Wroth ͑1979͒ elastic solution, where = ratio of the shear modulus at middepth to that at the pile base level. Fig. 4 shows results for different linear variations of stiffness and strength for the 2 ϫ 2 pile group. Results were normalized with the ultimate capacity from Eq. ͑11͒ using soil shear strengths at middepth of the pile for shaft resistance and at pile base level for base resistance. The agreement between the finite difference and the EMSD is fair, but not as good as that for homogenous soil. One possible contribution to the apparent difference is that soil properties at pile base level were used to formulate the base resistance in the EMSD, whereas the increasing soil strength and stiffness below the pile base may result in increased capacity in the FLAC 3D analysis.
Summary and Conclusions
A method was presented for predicting the nonlinear behavior of pile groups in clays. The method is an extended version of the mobilizable strength design method in which the deformation field is allowed to change throughout the loading process in order to achieve minimum internal work. As an MSD method it enables up-scaling of stress-strain curves from shear tests to global loaddisplacement solutions, offering practitioners an attractive tool to relate site exploration data to the actual pile group response. The method allows for consideration of a nonlinear con- tinuum, and is fundamentally different from other common approaches, such as inclusion of slip elements, which limit contact stresses between the pile shaft and the soil, or nonlinear load transfer functions in which the continuum is not explicitly considered. Nonetheless, under small strain levels, associated with linear elasticity, the method predicts values comparable with common design programs, such as PIGLET ͑Randolph 2003a͒. To evaluate the method, simulations of pile group loading in undrained conditions were conducted. Comparisons were made with three-dimensional finite difference analyses, for several pile group configurations and soil profiles. For homogenous soil, fair agreement ͑with differences less than 7%͒ was observed between the methods as long as the failure mechanisms were the same. The current base resistance model cannot capture block-type failure, and due to the decoupling of base and shaft resistance models, the current EMSD method may develop a block-type failure in the shaft model, even when such mechanism is prevented in reality due to the associated large base resistance. Nonetheless, the values produced by the EMSD method are always conservative under such conditions.
The current simulations, and comparison with other methods, were performed for loading in undrained conditions. Although the concentric cylinder mechanism may also be suitable for drained loading ͓as the Randolph and Wroth ͑1978͒ model is not restricted to a Poisson's ratio of 0.5͔, such evaluation was not performed and further work is required to validate and evaluate the suitability of the method in other conditions.
In addition, the current method is limited to incompressible piles under a rigid cap. Although this condition might be suitable for concrete piles it may not be appropriate for long steel piles. Also, as a MSD method, it requires a stress-strain curve for the soil behavior. In many scenarios the soil behavior may be altered due to installation effects. In these cases, stress-strain curves can be obtained from samples extracted after the installation ͑of, say, a preliminary test pile͒. These stress-strain relationships, which reflect the installation effects, can be used to refine the analysis.
Although the method allows the practitioner to incorporate soil testing data into pile group design, in situ pile load testing is still considered to be the best way to verify engineering analyses and provide information on fine adjustments in the design of pile groups. It is therefore suggested that the method be used with caution until such validation against field test is performed.
